SUSY Spectrum and the Higgs Mass in the BLMSSM 



Pavel Fileviez Perez 

Center for Cosmology and Particle Physics ( CCPP) 
New York University, 4 Washington Place, NY 10003, USA 
(Dated: April 10, 2012) 

The predictions for the mass of the light CP-even Higgs are investigated in the context of a simple extension of 
the Minimal Supersymmetric Standard Model where the baryon and lepton numbers are local gauge symmetries. 
This theory predicts the existence of light charged and neutral leptons which give extra contributions to the Higgs 
mass at the one-loop level. We show the possibility to satisfy the LEP2 bound and achieve a Higgs mass around 
125 GeV in a supersymmetric spectrum with light sfermions and small left-right mixing in the stop sector. We 
make a brief discussion of the unique leptonic signals at the Large Hadron Collider. This theory predicts baryon 
number violation at the low scale and one could avoid the current LHC bounds on the supersymmetric mass 
spectrum. 



I. INTRODUCTION 

In the LHC Era there is hope to discover or rule out the 
existence of a light Higgs boson responsible for the sponta- 
neous breaking of the electroweak symmetry in the Standard 
Model of Particle Physics. Recently, the ATLAS and CMS 
collaborations have discussed possible evidences of a Higgs 
boson with mass around 125 GeV CD El- If these results are 
confirmed one should understand the possibility to predict the 
properties of the Higgs in different theories in order to explain 
the experimental results. 

Supersymmetry (SUSY) is one of the most appealing ideas 
for physics beyond the Standard Model which provides the 
possibility to understand why the Higgs boson is light. In 
the context of the Minimal Supersymmetric Standard Model 
(MSSM) the Higgs mass is predicted at tree level, M^ ee — 
Mz\cos2j3\, but at one-loop level the prediction depends 
mainly on the masses and couplings between the Higgs and 
the third generation of fermions and sfermions. For excellent 
reviews on Higgs phenomenology in SUSY see Refs. [3 4| 
and 0. It is well-known that in order to satisfy the LEP2 
bound, Mh > 114.4 GeV [6], the masses of the stops have to 
be large and/or one must assume a very large left-right mixing 
in the stop sector. The situation is worse if one thinks about 
the possibility to obtain a Higgs mass around 125 GeV, as it 
has been discussed by the ATLAS and CMS collaborations 
JT] |2]. Therefore, if one hopes to discover SUSY it is im- 
portant to understand the scenarios where we can satisfy the 
collider bounds on the Higgs mass without assuming a very 
heavy supersymmetric spectrum. The new results from AT- 
LAS and CMS have motivated several studies in the context 
of low-energy supersymmetry lf7 H24l . 

In this letter we investigate the possible predictions for the 
light CP-even Higgs mass and the constraints coming from the 
ATLAS and CMS results in the context of a simple extension 
of the MSSM, where the baryon and lepton numbers are local 
gauge symmetries spontaneously broken at the TeV scale. We 
refer to this theory as the "BLMSSM" (25). In this theoreti- 
cal framework we can understand the absence of the danger- 
ous dimension four and five baryon number violating opera- 
tors fl26l present in the MSSM. One uses a fourth generation 



that is vector-like with respect to the strong, weak and electro- 
magnetic interactions to cancel anomalies and there is no need 
for large Yukawa couplings to be consistent with the experi- 
mental limits on fourth generation quark masses. Therefore, 
the model is free of coupling constants with Landau poles near 
the weak scale. Furthermore, there is a natural suppression of 
flavour violation in the quark and leptonic sectors since the 
gauge symmetries and particle content forbid tree level fla- 
vor changing neutral currents involving the quarks or charged 
leptons. 

We find that the existence of new charged and neutral lep- 
tons provides the possibility to satisfy the LEP2 bound and 
achieve a Higgs mass around 125 GeV without assuming a 
very heavy spectrum for the supersymmetric particles even in 
the case where the left-right mixing in the stop sector is very 
small. In this case one has new one-loop leptonic contribu- 
tions for the Higgs mass which allows to increase the mass 
with light stops and we find an upper bound on the ratio be- 
tween the vacuum expectation values of the MSSM Higgses. 
We discuss the possible implications of these results for the 
experimental test of supersymmetry and the unique leptonic 
signals at the LHC. 

The letter is organized as follows: In the first section we 
discuss the main features of the BLMSSM, while in the sec- 
ond section we investigate the predictions for the Higgs mass 
and the impact of the new one-loop corrections. Finally, we 
summarize the new results. 



II. THEORETICAL FRAMEWORK 

Recently, we have proposed a simple supersymmetric 
model where the baryon number (B) and lepton number (L) 
are local gauge symmetries 1251 . This model is based on the 
gauge symmetry 

SU(3) C (g) SU(2) L (g) U(1) Y (g) U(1) B (g) U(1) L 

We refer to this model as the "BLMSSM". In this context B 
and L are spontaneously broken gauge symmetries at the TeV 
scale and one can understand the absence of baryon and lepton 
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number violating operators of dimension four and five present 
in the MSSM. 

In this model we have the chiral superfields of the MSSM, 
and in order to cancel the B and L anomalies we need a vector- 
like family: Q4, u\ , d\, L4, e\, v% and Q\, u 5 , d 5 , L\, £5, £5. 
See Table I for the superfields present in the BLMSSM. It is 
important to emphasize that one does not need large Yukawa 
couplings to be consistent with the experimental limits on 
fourth generation quark masses and hence the models are free 
of coupling constants with Landau poles near the weak scale. 
The baryonic and leptonic anomalies can be cancelled if one 
imposes the conditions ll25ll : 



TABLE I: Superfields in the BLMSSM. 



B Qi = -Bui ~ 
Bqi = —B U5 = 
Bq, + Bos = 



in the quark sector and 



Ll 4 = —Lei = 

Llc — —L e5 = 
Lhi + Llc = 



—Bd% — B4, 
-Bd s , 
-1, 



L h 
L h 



(1) 

(2) 
(3) 



(4) 
(5) 
(6) 



in the leptonic sector. Here Bi and Li stand for baryon and 
lepton number for a given field, respectively. 
The full superpotential of the model is given by 



Wbl = Wmssm + W Q + W L + W s , 



(7) 



where 



Wmssm = Y u QH u u c + Y d QH d d c + Y e LH d e c + fiH u H d , 

(8) 

is the MSSM superpotential and 

Wq = XqQaQISb + X u uIu 5 Sb + X d dtd 5 S B , (9) 

is the needed superpotential to give masses to the new quarks 
in the theory. Notice that we have neglected the interactions 
of the new quarks with the MSSM Higgses since their con- 
tributions to the quark masses is not very relevant. In general 
the Yukawa couplings between the new quarks and the MSSM 
Higgses can be large and modify the Higgs mass at one-loop 
level 1 . Notice that these couplings can have a large impact on 
the production cross section, gg — > h, and it is can be difficult 
to satisfy the experimental bounds. In this letter, we will stick 
to the most conservative scenario where these quark Yukawa 
couplings are small and the Higgs mass can be modified only 
by the Yukawa couplings of the new leptons which have to be 
large in order to satisfy the collider bounds. 

The MSSM Higgs superfields are denoted by H u ~ 
(1,2,1/2,0,0) and H d - (1,2,-1/2,0,0), while the new 



1 See Refs. (27) and (28) for the study of the Higgs mass in models with 
vector-like quarks. 
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Higgs chiral superfields, Sb ~ (1,1,0,1,0) and Sb ~ 
(1,1,0,-1,0), generate mass for the new leptophobic gauge 
boson, Zb, and for the new heavy quarks. In the leptonic sec- 
tor one has the following interactions 



W L = Ye, L 4 H d el + Y e , L c 5 H u e 5 + Y Vl L±H u v% 
+ Y U5 L c 5 H d i> 5 +Y u LH u u c + \ v c v c v c S L . (10) 

Here, S L - (1, 1, 0, 0, -2) and S L - (1, 1, 0, 0, 2) are chiral 
superfields which vacuum expectation values spontaneously 
break lepton number and give mass to the quark-phobic gauge 
boson Zl. Notice that we have an implementation of the see- 
saw mechanism for the light neutrino masses, while the new 
fourth generation neutrinos have Dirac mass terms. 
The mass for the new leptons are given by 



Me 



Ye, 



Me, = Y, 



Vd 

V2' 

Vu 

V2' 



(11) 
(12) 

(13) 
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and 



Y„ 



(14) 



Using the above equations and imposing the perturbative con- 
dition for the Yukawa coupling, Y^/Air < 1, one finds an 
upper bound on tan f3: 

tan/3 < 6, 



Higher-dimensional Operators and Baryon Number Violation: 
For any values of the baryonic charges of the new fermions 

which satisfy the anomaly conditions the Higgses Sb and Sb 
have charges 1 and —1, respectively. Then, one can write the 
following dimension five operator which gives rise to baryon 
number violation 



W% = 



A 
A 



u c d c d c S B - 



(18) 



when M ei > 100 GeV. This bound on tan (3 will be crucial 
to understand the numerical results for the Higgs mass in the 
next section because the upper bound on tan/3 gives us the 
largest contribution to the Higgs mass at tree level. 

In order to complete our discussion we list the new super- 
potential in the Higgs sector: 



= ulSlSl + hbSbSb- 



(15) 



Now, we could ask the following question: What is the role 
of the new fermions beyond the anomaly cancellation? If one 



takes a look at Eq.( 10 1 we can realize that the new charged 
and neutral leptons can modify the predictions for the Higgs 
masses at one-loop level. As we will show in the next section, 
their contributions are crucial to have light stops and sbottoms 
in the supersymmetric spectrum. 

B and L Symmetry Breaking: As we have mentioned the 
symmetries U(1)b and U(\)l are broken at the TeV scale 
since the masses of the new neutral gauge bosons are related 
to the SUSY breaking mass scale. In order to show this we 
give the dependence of the new gauge boson masses on the 
parameters in the model: 



2 m L = — l^il 2 



tan 2 Pi 



tan 2 j3 L 



(16) 



After U(1) B breaking at the TeV scale one has the A MSSM 
interactions, u c d c d c , which violate baryon number. As it is 
well-known, these interactions render the lightest neutralino 
unstable. For example, the photino can decay to a quark and 
a virtual anti squark that then decays into two quarks. Of 
course if A" is too small and/or A is too large this decay will 
be not occur inside an LHC detector. These interactions can 
change the current LHC bounds on the supersymmetric parti- 
cles since all constraints on channels with missing energy can 
be avoided. One interesting scenario is the case where the stop 
is the LSP and can decay into two jets. 

It is important to mention that there is no mixing between 
the SM fermions and the new fermions from renormalizable 
operators in the model. However, at the dimension five level 
we could write the following interactions which allow the 
lightest new quark to decay 



ai u L 4 d c d c S B + ^u c d c 4 d c S B , (19) 



A 



A 



These interactions require B u c = 5/3. In this case the new 
quarks can decay and we can avoid a possible issue with Big 
Bang Nucleosyntesis. 



III. THE LIGHT CP-EVEN HIGGS MASS 



and 



tan 2 fi t 



2 

>->£ 



tan 2 Pi 



(17) 



In order to set our notation we define the neutral Higgses as 



H2 = i(«» 



hu) + 



(20) 



where mg L (ms B ) and mg L (rrig B ) are soft masses for the 
Higgses S L {S B ) and S L (S B ), while tan/3 L = (S L ) / (S L ) 
and tan fi B = (Sb) / (S B )- Note that without the soft SUSY 
breaking mass terms one does not get a positive value of 
m? Zh (m z ) which implies that the lepton (baryon) number 
symmetry breaking scale is of order the SUSY breaking scale. 

It is important to mention that in order to break U(1)l one 
does not need to introduce the superfields Sl and Sl since one 
could assume that the right-handed sneutrinos can get a VEV. 
For the realization of this idea see for example |29, 30]. The 
only problem here is that one could have fast contributions to 
proton decay [26 1 if the cutoff of the theory is not very large. 
Using the equation below, Eq.(14), and the lepton number vi- 
olating interactions one gets contributions to nucleon decay. 
This scenario will be investigated in a future publication. 



and 



h d ) 



V2 



(21) 



Using this notation and working in the basis (hd, h u ) the mass 
matrix for the MSSM neutral CP-even Higgs is given by 



Ml 



Mn+A u M 2 12 + A 12 
M 2 12 + A 12 M 2 22 + A 22 



with 



M 2 n = M 2 Z cos 2 /3 + M\ sin 2 /?, 
M\ 2 = -{Ml + Mf)sin/3cos/3, 
Mj 2 = Affsin 2 f3 + M|cos 2 /3, 



(22) 



(23) 
(24) 
(25) 
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where Ma is the pseudo-scalar Higgs mass and tan /3 = 
v u /vd- In the simplest case when we neglect the left-right 
mixing in the sfermion sectors, Xi — 0, the one-loop radia- 
tive corrections read as 



A n = 



and 
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(27) 



In our notation Mz. and Mj. are the mass for the sbottoms 
and stops, respectively. We use the same notation for the 
sfermions in the charged lepton sector. Notice the presence 
of the last terms in the above equations due to new Yukawa 
couplings between the MSSM Higgses and new charged and 
neutral leptons. In the above matrix we have neglected the 
contributions proportional to the left-right mixings in the top 
and bottom sectors in order to illustrate the impact of the new 
contributions. For more general expressions see for exam- 
ple ||3l"H4Tl . In our numerical results we will take into account 
the left-right mixing and we use the most general expressions 
at one-loop level. 

In order to set our notation we define the mass matrix for 
the sfermions as 



where 



'"-LL 



— m f + 

JL 
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m f X } 



m f X f 



(28) 



l RR 



(l( -Q f sin 2 9w)M% cos 2/3, (29) 
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Qf sin 2 6 W M% cos 2/3, 



Xf — at + /i(tan/3) 



-21' 



(30) 
(31) 



where Jg is the isospin, a/ are the trilinear soft terms, iri: 
and rrif R are the soft masses and the mass for the physical 
states are given by 
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Notice that the contributions from the U(1)b and U(1)l D- 
terms to the sfermion masses can be absorbed in the soft 



masses. Here we stick to this possibility for simplicity. Now, 
it is easy to realize that the existence of new leptons in the 
theory will help to increase the mass for the light Higgs in 
the model and allows for a light stop and sbottom in the spec- 
trum. We have investigated this issue in detail and show our 
main results. 

• Minimal Mixing Scenario: Xi = 

In Fig.l we show the predictions for the mass of the 
lightest CP-even Higgs for different values of tan/3 
assuming a simple scenario where all soft sfermion 
masses are taken equal to 500 GeV and we have ne- 
glected the left-right mixings in the stop, sbottom and 
heavy new slepton sectors. In blue we show the re- 
sults in the context of the MSSM, while the line in black 
shows the predictions in the BLMSSM. One can appre- 
ciate that it is possible to increase the mass of the Higgs 
in more than 10 GeV in the majority fraction of the pa- 
rameter space. Therefore, we can say that it is possible 
to satisfy easily the LEP2 bound, M h > 114 .4 GeV, and 
achieve a mass around 125 GeV due to the extra con- 
tributions. There results are relevant if one thinks about 
the possibility to discover a light SUSY spectrum where 
all squarks of the third generation are light enough to be 
discovered at the LHC and the possibility to explain the 
existence of a light Higgs boson without having a lot of 
fine-tuning. 

In order to understand the possibility to have a Higgs 
mass around 125 GeV in this model, we show in Fig. 2 
the allowed values for the masses of the new leptons us- 
ing the same input parameters as in Fig. 1 . Here tan /3 
changes between 4 and 7 and it is important to appreci- 
ate that the new leptons can be light with masses ap- 
proximately between 150 GeV and 180 GeV. In this 
way we show the possibility to have a consistent sce- 
nario in agreement with all constraints without assum- 
ing very heavy stops and sbottoms. 

Finally, we compute the Higgs mass changing the val- 
ues of the lepton masses, M e5 , and M Vi , between 100 
GeV and 180 GeV. The numerical results are shown in 
Fig. 3. One can appreciate that the Higgs mass can 
be as large as 127 GeV and one can have several solu- 
tions where the Higgs mass is the range 124 ± 3 GeV. It 
is important to mention that the fourth generation neu- 
trino in general could mix with the SM neutrinos and 
we can avoid a stable charged lepton even in the case 
when M Vi > M ei . 

• 'Natural' Mixing Scenario: X t = Xf, = AfgusY 

Let us investigate the possible predictions when one 
takes into account the left-right mixing in the stop and 
sbottom sector. In this case we choose X t — Xi, — 
Msjjsy an d neglect the left-right mixing in the new 
leptonic sector. In Fig.4 we show the results of the 
Higgs mass changing tan/3 and assuming very light 



5 



M SUS y=500 GeV, M A =1 TeV, X;=0 
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FIG. 1: Prediction for the light Higgs boson mass for different values 
of tan j3. Here it is assumed the same soft mass for the third genera- 
tion of MSSM sfermions and the new sleptons, Msusy = 500 GeV. 
The mass of the CP-odd Higgs is assumed to be equal to 1 TeV and 
the left-right mixing in the sfermion sector is neglected. The lepton 
masses are M„ 5 = M ei = 100 GeV. We use M t = 172.9 GeV as 
the pole mass for the top quark. 
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FIG. 2: Allowed values for the new lepton masses when the Higgs 
mass is equal to 124 GeV and tan f3 changes between 4 and 7. Here 
we have assumed the same input parameters as in Fig. 1. 

leptons, M e5 = M VA — 140 GeV. As in the previous 
scenario, the blue line corresponds to the results in the 
MSSM and the black line shows the predictions in the 
BLMSSM. Again, one can show that it is possible to get 
a Higgs mass around 125 GeV with very light leptons 
when the left-right mixing in the stop sector is small. 
Here we chose X t = Msusy, since one could expect 
that all SUSY breaking terms are of the same size. No- 
tice that the case of gauge mediation is different since 
the trilinear terms are typically very small. In order to 
complete our discussion we show in Fig. 5 the allowed 




FIG. 3: The Higgs boson mass versus tan/? when Msusy = 500 
GeV, zero left-right mixing and the leptonic masses, M e& and M Vi , 
change between 100 GeV and 180 GeV. 
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130.1 




FIG. 4: The Higgs mass versus tan /3 where the left-right mixing in 
the stop and sbottom sector is taken equal to the soft sfermion mass 
Msusy- The mass of the leptons are, M VI — M e5 = 140 GeV, and 
the mixing in the leptonic sector is neglected. 

values for the new charged and neutral leptons when the 
Higgs mass is 125 GeV. In this plot tan j3 changes be- 
tween 3 and 6. It is obvious that in this scenario the 
new leptons could be very light and we can expect the 
possible discovery at the LHC. In summary, one can say 
that in this scenario the new leptons can be lighter since 
the left-right mixing in the stop sector is not very small. 
These results are very important if one wants to under- 
stand the possible evolution of the gauge and Yukawa 
couplings up to the high scale close to the unification 
scale. 

As in the previous scenario, in Fig. 6 we show the val- 
ues for the Higgs mass when the lepton masses change 
between 100 GeV and 170 GeV. In this way we can see 
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FIG. 5: Allowed values for the new lepton masses when the Higgs 
mass is equal to 125 GeV when tan/? changes between 2 and 6. 
Here we have assumed the same input parameters listed in Fig. 3 and 
fi = 200 GeV. 



mass for different values of tan/3 where the mass of 
the leptons is 130 GeV and a negative value for the /i 
parameter. In this way we can achieve a Higgs mass 
around 125 GeV for the region when tan f3 is between 
4 and 5. In Fig. 8 we show the numerical results for 
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FIG. 7: The Higgs mass versus tan /3 where the left-right mixing in 
the stop, sbottom and leptonic sectors are taken equal to Msusy, and 
H = -200 GeV. 
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FIG. 6: The Higgs boson mass versus tan /3 when Msusy = 500 
GeV, X t — Xb = Msusy, zero left-right mixing in the leptonic 
sector and all lepton masses change between 100 GeV and 170 GeV. 



that the Higgs mass can be much larger, and the upper 
bound in this case is around 1 30 GeV. Notice that there 
are many solutions in the range 125 ± 4 GeV. 

Non-zero left-right sleptonic mixing 

Now, let us investigate the predictions for the Higgs 
mass where one takes into account the left-right mixing 
in the heavy sleptonic sector. In order to illustrate the 
numerical solutions we choose X t — X\, = X\ cpt = 
MgrjsY- In Fig. 7 we show the results for the Higgs 
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FIG. 8: The Higgs boson mass versus tan /? when Msusy = 500 
GeV, X t = Xb — >ficpt = Msusy, and the lepton masses, M„ 4 
and Me 5 , change between 100 GeV and 170 GeV. 

the Higgs mass when all lepton masses change between 
100 GeV and 170 GeV. In this case the Higgs mass can 
be much larger in the region where tan (3 changes be- 
tween 2 and 7. The upper bound on the Higgs mass 
in this case is around 140 GeV without assuming very 
heavy squarks. 

These results tell us that due to the existence of the new 
light charged and neutral leptons, which are needed to cancel 
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the leptonic anomalies, the Higgs mass can be much larger 
than in the MSSM and one can satisfy the experimental 
bounds without assuming very heavy stops and sbottoms. It is 
important to mention that in our previous paper l25l we have 
investigated the constraints coming from the electroweak 
precision constraints, the S, T and U parameters, and we have 
showed that the new leptons can be light in agreement with 
the experimental constraints. 

Heavy Leptons at the LHC. It is important to under- 
stand how to test the existence of the leptons predicted by the 
theory. The bounds on the heavy lepton mass are basically, 
M > 100 GeV, see for example ll42l . In our case the bounds 
should be different because the heavy Dirac neutrinos are 
stable and the charged leptons do not decay into the SM 
leptons. As we have mentioned, the new Dirac neutrinos are 
stable since the extra generation of leptons never mix with the 
SM leptons. Therefore, one expects different channels with 
missing energy. Here we list three different channels: 

• Four jets and Missing Energy: The charged leptons, e^, 
can be produced in pair through the photon, the Z or the 
Higgs boson. Then, one can have the channels 

qq — » j,Z — > e 4 e 4 — > W W~V^v^ — > \3v4V4, 

gg —> h — > (=464 — > W + W~ 'V4V4 — > AJV4V4. 

• Two Jets plus Missing Energy: One can have the as- 
sociated production of a charged lepton and neutrino 
through the W gauge boson 

qq — > W — > — > W + D4^4 — > 2JV4V4. 

• Channels with Missing Energy: One can produce the 
heavy stable neutrinos through the Z or h boson 

qq — > Z — > i>4i>4, gg — > h — > V4V4. 

In this case one should use initial state radiation (ISR), 
a photon or a jet, in order to look for these events with 
missing energy. 

Notice one can get the same signals for the leptons of the other 
generation. The cross sections above are much smaller than 
the cross section for squarks production, but one should be 
able to use the searches for multijets and missing energy to 
set bounds on the heavy lepton masses. A detailed analysis of 
these channels is beyond the scope of this letter. For a study 
of the possible signals of heavy leptons in SUSY models with 
fourth generations see Ref. Il43l . 

It is important to mention that the existence of light charged 
leptons and the selectrons affect the predictions for the Higgs 
decays, h — > 77 [44 1, and h — > Z-f. It is not difficult to show 
that the branching ratio for the Higgs into gamma gamma de- 
cay is not very different from the prediction in the Standard 
Model. This issue will be investigated in a future publication. 



IV. SUMMARY AND OUTLOOK 

We have studied the predictions for the mass of the light 
neutral CP-even Higgs in the context of a simple extension 
of the Minimal Supersymmetric Standard Model where the 
baryon and lepton numbers are local gauge symmetries. We 
refer to this theory as the BLMSSM. This theory predicts the 
existence of light charged and neutral leptons which give ex- 
tra contributions to the Higgs mass at the one-loop level. One 
finds an upper bound on tan f3 coming from the perturbativity 
condition on the Yukawa couplings for the heavy leptons. We 
have shown the possibility to satisfy the LEP2 bound and/or 
achieve a Higgs mass around 125 GeV in a supersymmetric 
spectrum with light sfermions and small left-mixing in the 
stop sector. These results are in agreement with the elec- 
troweak precision constraints and collider experiments. This 
theory predicts baryon number violation at the low scale and 
one can avoid the current LHC bounds on the supersymmetric 
mass spectrum based on the searches for channels with multi- 
jets and missing energy. 

The light charged leptons and their superpartners affect the 
predictions for the Higgs decays into two photons and a Z 
and a photon. One should investigate these decays in great 
detail in order to make possible predictions for the LHC ex- 
periments. In this letter we did not investigate the behavior 
of the Yukawa couplings at the high scale, but since we are 
interested in the scenarios where there is not a Landau pole 
at the low scale we have shown our numerical results assum- 
ing very light charged leptons. These aspects of the theory 
will be investigated in a future publication. In this work we 
did not stick to any specific SUSY breaking scenario, such as 
MSUGRA, this analysis is beyond the scope of this letter. 
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